We study how the rotation interval of a point affects the rotation set of its ω-limit set. Similarities between rotation set and topological entropy were found, suggesting a deeper relation between these two concepts.
Introduction. In 1913 Birkhoff proved the first important theorem about twist maps of the annulus, initially conjectured by Poincare and known as "Poincare's last geometric theorem". It roughly says that any area preserving homeomorphism of the annulus which rotates the boundary components in opposite directions has at least two fixed points.
In [6] John Franks, using an extension of Poincare's definition of rotation number, proved that any chain transitive homeomorphism of the annulus that twists the boundaries in opposite directions has at least one fixed point; it follows from his work that if a homeomorphism of the annulus preserves area then either it has infinitely many periods or every point has the same rotation number.
In this paper we introduce the rotation set for an endomorphism of the annulus. Associated to each orbit we define a real sequence that measures the "wrapping" of the orbit around the inner boundary of the annulus. The limit of this sequence, if it exists, is called the rotation number of the orbit. If the limit does not exist, the set of all limit points of the referred sequence is a closed interval and designated rotation interval (see pg. 253). The rotation set is the union of all rotation intervals. It is a topologically invariant set that contains its supremum and infimum; however we don't know if it is always closed.
There are interesting similarities between properties of the rotation set and topological entropy. Katok in [11] proved that any C λ+ε diffeomorphism, /, with positive entropy has an invariant hyperbolic set Λ where / is topologically conjugate to a shift. This implies that either every point in Λ has the same rotation number or there is some point without rotation number. Nevertheless the relation between positive entropy and existence of points without rotation number is not completely understood. .
Hence the distance between these terms is bigger than 3<S/4. On the other hand: 
Homeomorphismsof theannulus.
The rotation number of a point is defined using the asymptotic average of the angular component of the forward orbit of a point. The ω-limit set is defined using the forward asymptotic behavior of a point. One would expect that if a point x has rotation number a then the rotation set of ω(x) is reduced to a. However this is not the case. There are examples (cf. pg. 262-263) of points with rotation number whose rotation set of the ω-limit set is nontrivial.
In this section we study the relationship between the rotation interval of a point and the rotation of its ω-limit set.
Let β{χ y δ) be the ball of center x and radius δ. PROPOSITION 
Let A be a compact f-invariant subset of A. R(/\A) contains its supremum and infimum.
Proof. We start by noticing that Lemma 1.1 assures the existence of the infimum and supremum of R(f\A)-Let a = inf R(f\ A ). We assume that a φ R(f\ A ). Then the following holds:
(1) d{a, T x ) = ε x >Q, for all xeA. Setting ε 0 = min{εi,..., ε^} and n* = max{«i,..., n^} (for simpler notation we denote βj for e Xj and nj for n Xj ), for some iι<k. Adding both inequalities, one gets
This procedure is repeated until
The following calculations are rather straightforward
Fi(x)-xι-sa>sψ
Setting n 1 = n -s it follows that n 1 <n*. Hence
F»(x)-FΪ(x)
n and The corollary below is an easy consequence of a theorem by J. Franks which says that every point of an orientation preserving homeomorphism of the annulus with finitely many periods has rotation number. Furthermore if Λ is a compact, invariant and chain transitive subset of the annulus then Λ(/|Λ) is constant. Notation. h(f) denotes the topological entropy of/. We state below, without proof, some well known results concerning topological entropy [1] . We then state and prove the corresponding properties of the rotation set.
PI. Topological entropy and the rotation set are both topological invariants.
Proof. We show that R(ψfψ" 1 ) = i?(/), where ψ is some homeomorphism of A.
Set Ψ = i + η, where Ψ is a lift of ψ and ι(x, y) = (x, 0) for any (x, y) G R x /, (note that η is translation invariant in the following sense: η(x + 1, y) = η(x, y), V(x, j/jeRx /). For a G R(f) we choose x eA and (Λ/), such that
Denoting J = Ψ(x) one has:
Since ψ is a homeomorphism the proof is completed. D
In fact the rotation set is invariant under semi-conjugacy i.e. given / and g, homeomorphisms of A we say that / is semi-conjugate to g if there exists ψ, continuous and onto so that the following diagram commutes:
Under this assumption R(f) = R(g).
The proof is similar to the previous one. However M. Rees in [13] gave an example where topological entropy is not invariant under semi-conjugacy. / is extended to a homeomorphism of A n agreeing with the identity on the boundary, also denoted by /.
P2. If{f n }n is an equicontinuous family then h{f) =
Defining g : A -> A by g\ An = f n , it follows that h{g) > h{f n ) = n log 2 hence h(g) = oo. Consequently for any p-manifold M, there exists a homeomorphism of M p with infinite entropy that can be constructed by considering generalized horseshoe maps defined as above in p-cylinders conveniently embedded in M p .
P4. If the nonwandering set off is finite then h(f) = 0 and R(f) is
finite.
Proof. If / has finitely many periodic points then the result follows from Corollary 2.3. D The equicontinuity of {F n } n and continuity of Φ assures the existence, for e > 0, of n 0 such that Plugging this back into the expression for α, one gets n t
P5. If{f n } n is an equicontinuous family and g a homeomorphism of A that commutes with f then h(fog) = h(f) + h(g) and R(fo g) =

Proof. For a e R(fog)
\ΦιF J 'G n '{x) -ΦiF^(Jc o )| < ε, \/n t > n 0 .
This shows that R{f o g) C R(f) + R(g).
Now we prove the other inclusion. Fix a e R(g) + R(f). Then a = β + δ with β € R(g) and δ e R{f).
Since β e R{g) there exists x e A and («,-),-so that Let y be a limit point {g"'(x~)} (we assume that g n '(x) ->• y). The equicontinuity of {F n } and P2 assures that i?(/) is constant. Then
Using, once more, the equicontinuity of {F n } n we have that hm -:L -^ = hm -:L -^ .
/
Πi i Πi
Plugging this back into the expression for a we get:
Notice that P5 requires equicontinuity; just consider any homeomorphism / with non-trivial rotation set and g = f~ι.
Consider C° (A, A) Proof. We first prove that h is discontinuous at / if h(f) is finite and / has some periodic point p. Without loss of generality assume p a fixed point, for ε small enough choose δ > 0 with f(β(p,δ)) c β{p,ε) c A and select εi < min{ε, δ}. We now define a homeomorphism g on A 9 which is an extension of a horseshoe map in β(p, ε\) that agrees with the identity elsewhere-see Remark 3.1 and the picture below. Proof. Denote A = {(r, θ) : 1 < r < 2} and Q c A a small square with edge = 1/4, consider a horseshoe map that contracts linearly in the vertical direction by a factor δ < 1 /2 and expands in the horizontal direction by a factor l/δ (see picture below). We can extend it to a diffeomorphism, /, of A (for details see [5] ).
There exists an invariant hyperbolic set Λ c Q where / is topologically conjugate to a shift σ in two symbols. 4. Some connections between entropy and rotation set. If / is a C 1+ε diffeomorphism of A with positive entropy, Katok's theorem [11] implies that there exists a hyperbolic invariant Cantor set Λ such that f\ A is topologically conjugate to a shift of n symbols. We note that either the rotation set of Λ reduces to one number or there exists some point without rotation number.
If R(f\\) is not one number then we can choose x, y in Λ with different rotation numbers α, β.
To each point we associate a sequence of O's and Γs x -> (..., <2 0 , ) and y -> (..., b 0 ,...).
We now construct a new sequence by taking longer and longer blocks from the sequences associated to x and y in such a way that {k n /n) n (see pg. 263 for the definition of k n ) gets progressively and alternately closer to a and β. The point corresponding to this sequence of O's and Γs does not have rotation number. DEFINITION . A diffeomorphism of A satisfies the Axiom A (see [4] ) if it admits an Axiom A extension to S 2 .
EXAMPLE. In picture 1 below we give an example of a flow whose time one mapping defines an Axiom A diffeomorphism of the annulus. 
